Geometry, heat equation and Feynman's path integrals are studied on the Poincare upper half·plane. The fundamental solution to the heat equation af/Ot=L1,J is expressed in terms of a path integral defined on the upper half·plane. It is shown that Kac's statement that Feynman's path integral satisfies the Schrodinger equation is also valid for our case. § 1. Introduction
One of awkward but interesting features of string theories consists in the fact that quantization of strings is subject to the influence of topological and geometrical nature of the two-dimensional world sheet.1),2) Recent extensive studies on Polyakov's path integral of the bosonic string have revealed the geometrical nature of string interactions. 2 ) String amplitudes defined by the path integral are invariant under diffeomorphism and Weyl scaling of the metric on a compact orientable twodimensional manifold. As is well known, a connected two-dimensional manifold with complex structure can be regarded as a one-dimensional complex manifold, a Riemann surface. The string amplitudes are subject to the complex structure of Riemann sufaces. Accordingly, the mathematics of Riemann surfaces has played an important role in the development of string theories.
The partition function of the closed bosonic string is expanded in a perturbation series,2) (1·1) where ;1 is a real parameter and
Here M is a Riemalln surface of genus h, (Ja are local coordincj-~s on it, X is a map from M to Rd and gabd(Jad(Jb is a squared line element on M. Performing the gaussian functional integral over XI'-, we are left with a Jacobian factor integrated over a gauge-inequivalent family of the metric.
The Jacobian factor consists of the functional determinants such as det'L1 and det pt P. As is well known, the universal covering space of Riemann surfaces with h"2.2 is the Poincare upper half-plane H, on which the Selberg trace formula and the Selberg zeta function are derived. Accordingly the upper half-plane is the fundamental space on. which we evaluate the multiloop string amplitude.
In this paper we study a Feynman's path integral on the upper half-plane. Our aim is to evaluate a trace formula for eigenvalues of the Laplace-Beltrami operator defined on a Riemann surface with h"2. 2 by means of naive path integration on H. In § 2 we make a brief survey of geometry and analysis on the upper half-plane. In § 3 we evaluate the path integral on H and we show that -our result agrees exactly with the fundamental solution to the heat equation,
where L1H denotes the Laplace-Beltrami operator defined on the upper half-plane. As a result we can express the Selberg trace formula for exp(tL1M) on the Riemann surface M in terms of the path integral. In § 4 we extend our consideration to a more general case, in which an action integral involves a potential term. We examine whether or not the well-known Kac's statement
6
) that Feynman's path integral satisfies the Schrodinger equation is valId for our case. The last section is devoted to discussion and concluding remarks. § 2. Geometry on the upper half" plane In this section we make a brief survey of hyperbolic geometry and analysis on the Poincare upper half-plane.
The Poincare upper half-plane H is defined by
H={z=x+iylx, yER, y>O},
which can be conformally mapped by the Caylef transform z---';W=(z-i)(Z+i)-1 onto the unit disc:
The line element ds and the area element dfl. on H are, respectively, given by
and (2'4) which are invariant under the action of G in SL(2, R) on z( EH) defined by fractional linear transformation: (2) (3) (4) (5) Geodesics are curves minimizing the Poincare arc length in H and they are given by the solutions to the geodesic differential equations,
with Xl=X, x 2 =y. Here, the Christoffel symbol is defined by (2) (3) (4) (5) (6) (7) with gij being the metric tensor. The general solution to (2-6) can be obtained easily and we find that the geodesics are vertical straight lines or semicircles orthogonal to the real axis.
The hyperbolic distance d (z, z,) between the two points z (= x + iy) and z'( = x'
The Laplace-Beltrami operator LlH is given by which is also invariant under the action of SL(2, R).
If M is a compact 2-dimensional Riemannian manifold with Euler characteristic x(M) and the Gauss curvature K, then, according to the Gauss:Bonnet theorem, On the other hand, X(M) is related to the genus h of M by
x(M)=2(1-h).
(2-10) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) As is well known, the Gauss curvature of His -1 (the scalar curvature = -2), hence
The eigenfunction of the eigenvalue equation (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) is evaluated to be 7 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) with eigenvalue,
A=s(s-l) . (2-15)
In (2-14) a is an arbitrary real parameter and K S -1/2 is the K-Bessel function defined by (2-16) If a = 0, then the eigenfunction f is· simply given by yS.
On the other hand, the solution to the heat equation 
where a=d(z, z'), the hyperbolic distance. The fundamental solution (2-18) is used in the Selberg trace formula applied to exp(tLlM) in the following way:9) (2-19)
Here, P denotes an inconjugate primitive element of a hyperbolic Fuchsian group, and
The Selberg trace formula is a nonabelian generalization of the Poisson summation . formula.
IO )
It is interesting to note that the Selberg trace formula is viewed as an identity relating dynamical quantities, the quantal spectrum of the Laplace-Beltrami operator and the classical length spectrum of periodic geodesics. H)
Integrating the expression (2 -18) with respect to t, we obtain Green's function for is the normalization factor and XN=X'(YN=Y'). In deriving (3·2) we. have made the approximation:
Owing to this replacement the factor jYOYN appears on the right-hand side of (3·2), . which ensures the symmetry property of the result under the exchange Yo<= YN~
R. Kubo
The result (3·2) shows that the path integral f is a function of (XO-XN)2. We are left with the path integration over the variable y. Carrying out the path integration over y explicitly is difficult on account of the presence of the factor fify2 dt. However, we have a simple relation:
The right-hand side of this integral is rewritten by introducing the new variable, z=lny (3'6) as (3'7) This is the path integral for classical one-dimensional motion of a free particle and it is easily evaluated to be
It is to be noted here that we can always find a transformation which transforms two points z and z' into two points on the imaginary axis of the upper half-plane, preserving the hyperbolic distance between the two points invariant. In our case
In(YN/Yo) in (3·8) is just the distance between z and z':
Changing the variable from ~ to k in (3'8) , where where Fp denotes the fundamental region determined by the primitive elements of the Fuchsian group r,9) and I(z, z; T) is a path integral over a closed loop starting and terminating at z. § 4. Potentials on the upper half-plane
In the preceding section we considered Feynman's path integral of a free particle on the upper half· plane. In this section we extend it to a more general case, in which the action integral involves a potential term. We show that Kac's statement 6 ) that the amplitude evaluated by means of path integration satisfies the Schrodinger equation is also valid for our case.
Let the action integral 5 be given by
where the potential U(z) is a function defined on H. Now we introduce the quantity,
where
"'I(zN-I, ZN; T-tN-1)Q(ZI···ZN-I). (4·3)
Here I(z, z'; t) is defined by (3·1) in the preceding section. This corresponds to the so-called Wiener integral in propability theories.
)
It is to be noted that the so-called Chapman-Kolmogorovequation I2 ) 
T)= [Tdn[T!drzjdfJ. jdfJ.'I(P, z; T-n)U(z)
° I(z, z'; n -rz) U(z')I(z', q; rz)
= [Tdr jdfJ.I(P, z; T-r)U(z)Pl(Z, r)
and in general, Consequently, we obtain the integral equation for P,
pep, q; T)=I(p, q; T)-[T dr LdfJ.I(P, z; T-r)U(z)P(z, q; r).
Recalling that and that we see that pep, q; T) satisfies the differential equation:
This is nothing else but the Schrodinger equation with imaginary time. § ~o Concluding remarks
We have shown in this work that the path integral (3 °1) defined on the upper half-plane gives the fundamental solution to the heat equation (2°18). The Selberg trace formula (2°19) can be rewritten in terms of the path integral. We have shown that Kac's statement is also valid for our case. Accordingly, the expression (3·1) is apparently invariant under SL(2, R) and the explicit evaluation of the path integral should be performed, so as to preserve this invariance.
Some ambiguities arise iIi approximating the integral (5·1)
by an infinite sum. In fact there are many possibilities when one tries to replace path integrals by infinite sums. The approximation (3·3) we have chosen in this paper is the most preferable one, because it ensures the symmetry property under the exchange YO~YN. This kind of ambiguities has been already well known as the one appearing in the Ito stochastic integraP4) in probability theories. It is also well known that there is a close relationship between the Ito integral and Feynman's path integral.
15 )
The term which contains the scalar curvature R in (3·1) is the correction term peculiar to curved spaces. 13 ) The fact that the curvature is constant on H enables us to perform path integration exactly.
We have studied in this paper a novel but naive path integral which can be evaluated exactly with nontrivial gij on the Poincare upper half-plane. Our method will be useful for nonperturbative treatment of some particular cases of gravity theories.
